Control of fusion and cohomology of finite groups(Cohomology Theory of Finite Groups and Related Topics) by 飛田, 明彦
Title
Control of fusion and cohomology of finite
groups(Cohomology Theory of Finite Groups and Related
Topics)
Author(s)飛田, 明彦








Control of fusion and cohomology of finite groups
(Akihiko Hida)
Faculty of education, Saitama University
1 Introduction
$G$ , $k$ $p>0$ . [S2] , P. Symonds
.
Theorem 1.1( $[\mathrm{S}2$ , Theorem 4.1]). $H^{*}(-, k)$ ( $k$- )infla ion
functor cohomological simple functor .
$\lfloor.\mathrm{S}2]$ Mislin .
Theorem 12( $[\mathrm{M}$ , Theorem], [S2, Theorem 11]). $H$ $G$ ,
$|G:H|$ $p$ . .
(1)
$\mathrm{r}\mathrm{e}\mathrm{s}_{G,H}$ : $H^{*}(G, k)arrow H^{*}(H, k)$
.
(2) $H$ pp $Q$ $x\in G$ , $xQ\subseteq H$ $x\in HC_{G}(Q)$ .
Mislin Lie , )
. [82] Theorem 1.1 ,
, ,
.
$G$ Theorem 1.1 .
Corollary1.3([S2, Corollary 4.2]). $P$ $G$ pD 2 $V$ $k(N_{G}(P))-$
, $S_{F,V}$ Mackey functor .
.
(1) $n\geq 0$ , $S_{P,V}$ Mackey functor , $H^{n}(-, k)$
,
(2) $V$ $k$ ( $N_{G}(P)/PC_{G}$ (P))G
Theorem 12 Corollary . 3
[S2] , Mackey functor fusion ,
Corollary 1.3 Mislin .
[S2] , Corollary 1.3
. $P$ $G$ , $V$ kNG(P)G . kGG $M_{P,V}^{G}$
1466 2006 55-60
56
, $V$ k(NG(P)/P)G projective cover $kN_{G}$ (P)N
Green , vertex $P$ . 4
Corollary 13 .
Theorem 14( $[\mathrm{S}2$ , Theorem 5.3]). $P$ - $P$ $k(l \bigvee_{G}^{-}(P),1$ $\mathrm{I}\text{ ^{}\backslash }$ $V$
$f$
.
(1) $H^{*}(G, M_{P,V}^{G})\neq 0$ .






Mackey functor, Mackey functor .
$G$ Mackey functor . Global
Mackey funactor, inflation functor [W] . $M$
cohomological Mackey functor , $H\leq G$ , $k$- $M(H)$
, $K\leq H\leq G,$ $g\in G$ ,
$t_{K}^{H}$ : $M(K)arrow M(H)$
$r_{K}^{H}$ : $M(H)arrow M(K)$
$c_{g}iM(H)arrow M(^{g}H)$
.
(1) $t_{H}^{H}$ , $r_{H}^{H},$ $c_{h}(h\in H)$ $M(H)$ .
(2) $J\leq K\leq H\leq G,$ $g_{\dot{\mathit{1}}}h\in G$ ,
$t_{K}^{H}t_{J}^{K}=t^{H},$ , $r_{J\mathit{4}\mathrm{f}}^{K_{\gamma}.H}$ $=\tau^{H},’,$ $c_{g}^{l}c_{h}=c_{gh}^{1}$
$r_{\mathit{9}K}^{g}c_{\wedge g}=c_{/g}r_{F\zeta)}^{H}Ht_{\mathit{9}K\mathit{9}}^{g}H_{(i=}$ $c_{g}t_{\mathit{4}C}^{H}$ .
(3) $J,\dot{K}\leq H\leq G$ Mackey .
$r_{J}^{H}.t_{K}^{H}= \sum_{x\in J\backslash H/K}.t_{J\cap^{x}\mathit{4}\{}^{JK}r_{J\cap^{x}K^{C_{x}}}^{x}$
.
(4) $K\leq H$ ,
$t_{\mathit{4}C}^{H}r_{K}^{H}=|H$ : $K|$ .
Mackey functor , subfunctor, quotient, ,
. cohomological Mackey functor , pp
$P$ $kN_{G}$ (P)k $V$ $(P, V)$ ( ) parametrize
$(|\mathrm{T}\mathrm{W}1], [\mathrm{T}\mathrm{W}2])$ . $(P, V)$ Mackey functor $S_{P,V}$ .
k(NG(P)/P)N $S_{P,V}(P)\cong$. $V$ .
57
3 Fusion and Mackey Functor
$G$ $Q$ . $H\leq G$ ,
($Q,$ If)= $\{x\in G|xQ\subseteq H\}$
. $H$ $C_{G}(Q)$ .
$H\backslash T_{G}(Q, H)/C_{G}(Q)=\{HxC_{G}(Q)|x\in T_{G}(Q, H)\}$
. $G$ Mackey functor $M_{Q}$ .
$H\leq G$ ,
$M_{Q}(H)=k(H\backslash T_{G}(Q_{1}H)/C_{G}(Q))$
. $K\leq H\leq G,$ $g\in G$ ,




$c_{g}$ : $M_{Q}(H)arrow M_{Q}(^{g}H)$
$HxC_{G}(Q)\mapsto gH(.qx)C_{G}(Q)$
. $M_{Q}$ .
Theorem 31. (1) $MQ$ cohomological Mackey functor .
(2) $g-\subset C_{G}(H)$ $c_{g}$ $M_{Q}(H)$ .
(3) $k(N_{G}(Q)/’QC_{G}$ (Q $\rangle$ )G $V$ ., $M_{Q}$ $S_{Q,V}$
.
(1) . (2) . $x\in T_{G}(Q)H)$ ,
$g\in C_{G}(H)$ , $z\in Q$ ,
$x^{-1}gxx^{-\cdot 1}gz=(^{x}z)=z$
$x^{-1}gx\in C_{G}(Q)$ $gx\in xC_{G}(Q)$ . $\mathit{9}H(gx)Cc(Q)=$
$HxC_{G}(Q)$ . (3) , $Q_{1}<Q$ $M_{Q}(Q_{1})=0$ ,
$\mathrm{J}/I_{Q}(Q)=k(N_{G}(Q)/QC_{G}(Q))$ .
$M_{Q}$ $Q\leq H\leq G$ , $\dim M_{Q}(H)=1$
$(Q, H)=HC_{G}(Q)$ .
, ([S2] ) Corollary 13 Theorem 12
. $G\geq H,$ $|G:H|$ $p$ .
$\mathrm{r}\mathrm{e}\mathrm{s}:H^{*}(G, k)arrow.H^{*}(H, k)$
58
, Corollary 13 , $P$
k(NG(P)/PCG(P))G $V$
$r_{H}^{G}$ : $S_{P,V}(G)arrow S_{P,V}(H)$
. Theorem 3.1 r $Q$
,
$r_{H}^{G}$ : $M_{Q}(G)arrow M_{Q}(H)$
, $\dim$ $Q(H)=1$ , $H$
r $Q$ $(Q, H)=HC_{G}(Q)$ \sim Theorem 12(2)
.
4 Cohomology of trivial source modules
$P$ $G$ pp , $V$ $kNc$ (P)/Pp , $P_{V}$ $V$ $k(N_{G}(P)/P)-$
projective cover . $Pv$ $kN_{G}$ (P)G , Green
kGN [O] $M_{P,V}^{G}$ . [S2] Corotlary
13 .
Proposition 41 ( $[\mathrm{T}\mathrm{W}2$ , (16.10)Proposition]). fixed point functor
0 cohomology $H^{0}$ $($ -, $M_{P,V}^{G})$ cohomological Mackey $f\eta mctor$
$S_{P,V}U2$ projective cover .
, $S_{P,V}$ $H^{n}(-, k)$ ,
$\mathrm{E}\mathrm{x}\mathrm{t}_{kG}^{n}(M_{P,V}^{G}, k)\cong \mathrm{H}\mathrm{o}\mathrm{m}(H^{0}(-, M_{F,V}^{G}),$ $H^{n}(-, k))\neq 0$
. $V^{*}=\mathrm{H}\mathrm{o}\mathrm{m}_{k}(V, k)$ ,
$H^{n}(G, M_{P,V}^{G}.)\neq 0$
, Corollary 13 Theorem 14
.
Theorem 1.4 trivial source cohomology , pp
[BCR] . , [BCR]
– [B2] ,
. Theorem 14 . [H]
.
(1) $\Rightarrow(2)$ . $H^{n}(G, M_{P_{)}V}^{G})\neq 0$ SP, $H^{n}(-!.k)$ )
k(NG(P)/P)N $V^{*}$ $H^{n}(P, k)$ . $C_{G}(P)$ $H^{*}(P, k)$
, $V^{*}$ ( $V$ ) k(NG(P)/PCG(P))C .
(2) $\Rightarrow(1)$ . $E$ $P$ $p$ .
$(\mathrm{i})G=C_{G}(E)$ . spoetral sequence ([S1]
58
).
$(\mathrm{i}\mathrm{i})G=N_{G}(E)$ . $N_{G}(E)/C_{G}(E)$ P/d [BCR,
section 6] .
(iii) $M=M_{P,V)}^{G}H=N_{G}(E)$ . $k(N_{H}(P)/P\mathrm{C}_{H}/(P))-$
$V’$ $M’=M_{P,V’}^{H}$ $M\downarrow H$ . ,
variety ffl [B1] .
$\sqrt{\mathrm{K}\mathrm{e}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{s}_{G,E}}$ $\zeta_{1},$ $\ldots\zeta_{r}$ , Carlson L tensor
$L$ ,
$V_{G}(L)=\mathrm{r}\mathrm{e}\mathrm{s}_{G,E}^{*}((V_{\mathit{1}\mathrm{i}^{1}}(\prime k))$
. [B2, Theorem 3.1] kHk $X$
$X\uparrow^{G}\cong L\oplus(\mathrm{p}\mathrm{r}o\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e})$
. $X$ ( ) $I=\sqrt{\mathrm{K}\mathrm{e}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{s}_{H,E}}$
$\eta_{0)}\eta_{1},$ $\ldots$ Carlson tensor
.
$0arrow L_{\zeta_{i}}arrow\Omega^{n_{i}}(k)arrow karrow 0$
, $\overline{\mathrm{E}\mathrm{x}\mathrm{t}}_{kG}^{*}(L, M)\neq 0$ $H^{*}(G, M^{\cdot})\neq 0$ .
$\overline{\mathrm{E}\mathrm{x}\mathrm{t}}_{kG}^{*}(L,M)\cong\overline{\mathrm{E}\mathrm{x}\mathrm{t}}_{kG}^{*}(X\uparrow^{G}, M)\cong\overline{\mathrm{E}\mathrm{x}\mathrm{t}}_{kH}^{*}(X, M)$
((ii) $H^{*}(H_{1}M’)\neq 0$ ) $\overline{\bm{\mathrm{E}}\mathrm{x}\mathrm{t}}_{kH}^{*}(X, M’)\neq 0$
. $A=H^{*}(\sqrt f, k)$ $<$ . [ $\mathrm{E}$. , Proof of Theorem 1031] $A$
$H^{*}(H_{\mathrm{t}}M’)$ annihilator $I$ .
Lemma 42. $U_{J}W$ kHL , $\eta\in I$ ,
$\mathrm{a}\mathrm{n}\mathrm{n}_{A}\overline{\mathrm{E}\mathrm{x}\mathrm{t}}_{kH}^{*}(U, W)\subseteq I$
$\mathrm{a}\mathrm{n}\mathrm{n}_{A}\overline{\mathrm{E}\mathrm{x}\mathrm{t}}_{kH}^{*}(U\otimes L_{\eta}, W)\subseteq I$ .
Proof. $B=\overline{\mathrm{E}\mathrm{x}\mathrm{t}}_{kH}^{*}(U, W)$ . $\deg\eta=n$ ,
$\overline{\mathrm{E}\mathrm{x}\mathrm{t}}_{kH}^{i}(U_{\mathrm{I}}W)arrow\overline{\mathrm{E}\mathrm{x}\mathrm{t}}_{kH}^{i+n}(U_{7}W)arrow\overline{\mathrm{E}\mathrm{x}\mathrm{t}}_{kH}^{i}$ $(U\otimes L_{\eta 7}W)$
$\mathrm{a}\mathrm{n}\mathrm{n}_{A}\overline{\mathrm{E}\mathrm{x}\mathrm{t}}_{kH}^{*}(U\otimes L_{\eta})\subseteq \mathrm{r}\mathrm{a}\mathrm{d}$ $\mathrm{a}\mathrm{n}\mathrm{n}_{A}B/\eta B$ . $\mathrm{a}\mathrm{n}\mathrm{n}_{A}B\subseteq I$ , prime
ideal $I$ $B_{\mathit{1}}\neq 0$ , $B_{f}\neq IB_{\mathit{1}}$









[B1] $\mathrm{D}$ J. Benson, Representations and cohomology $II.\cdot$ cohomology of groups
and modules, Cambridge Studies in Advanced Mathematics 31, Cambridge
University Press, Cambridge, (1991).
[B2] D. J. Benson, Cohomolo.qfl of modules in the principal block of a finite .qroup,
New York $.\mathrm{J}\mathrm{v}$ . Math. 1(1995), 196-205.
[BCR] D. J. Benson, J. F. Carlson and G. R. Robinson, On the vanishing of
group cohomology, J. Algebra 131(1990) $)$ 40-73.
[E] L. Evens, The cohomology of groups, Oxford Mathematical $\mathrm{M}\mathrm{o}\mathrm{n}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{p}\mathrm{h}\mathrm{s}_{j}$
Clarendon Press, Oxford, New York, Tokyo, (1991).
[H] A. Hida, Control offusion and cohomology of trivial source modules, preprint.
[M] G. Mislin, On group homomomphisms inducing mod-p cohomology isomor-
phisms, Comment. Mat $\mathrm{h}$ . Helvetici 65 (1990), 454-461.
[O] T. Okuyama. Cohomology isomomphisms and control of fusion, preprint,
(2005).
[R] G. R. Robinson, Arithmetical properties of blocks, in Algebraic groups and
their representaions, $\mathrm{R}$ W. Cater and J. Saxt $\mathrm{e}\mathrm{d}\mathrm{s}$ , Kluwer, Dordrecht,
(1998), 213-232.
[81] P. Sym onds, The action of automorphisms on the cohomology of a $p- group_{\backslash }$
Math. Proc. Camb. Phil. Soc. 127(1999), 495-496,
[82] P. Symonds, Mackey functors and control offusion, Bull London Math. Soc
36(2004), 623-632.
[TW1] J. Th\’evenaz and $\mathrm{P}$ J. Webb, Simple Mackey functors, Proc. of 2nd In-
ternational Group Theory Conferance, Bressanone(1989), Rend. Circ Mat
Palermo (2) Suppl. 2341990), 299-3i9
[TW2] J. Thevenaz and $\mathrm{P}$ J. Webb, The structure of Mackey functors, Trans.
Amer. Math. Soc. 347(1995), 1865-1961.
[W] P. J. Webb, Two classificatzons of simple Mackey functors with applications
to group cohomology and the decomposition of classifying spaces, J. Pure
Appl. Algebra $8\mathrm{S}(1993)$ , 265-304
